A large-Nc expansion is combined with the Kubo formalism to study the shear viscosity η of strongly interacting matter in the two-flavor NJL model. We discuss analytical and numerical approaches to η and investigate systematically its strong dependence on the spectral width and the momentum-space cutoff. Thermal effects on the constituent quark mass from spontaneous chiral symmetry breaking are included. The ratio η/s and its thermal dependence are derived for different parameterizations of the spectral width and for an explicit one-loop calculation including mesonic modes within the NJL model.
I. INTRODUCTION
Heavy-ion collisions at RHIC [1] [2] [3] [4] and at the LHC [5] [6] [7] explore strongly interacting matter under extreme conditions. The quark-gluon matter created in such collisions at temperatures exceeding T c ≈ 0.2 GeV leaves its indirect signatures in the produced particles at lower temperatures long after thermalization. Transport properties such as the shear viscosity η of the highly excited matter are of prime interest in this context. Inertial anisotropies in the collision plane translate into non-trivial particle flow patterns [8] [9] [10] [11] . In particular the elliptic-flow parameter, v 2 , features a strong dependence on the ratio of shear viscosity to entropy density, η/s, of the dissipative quark-gluon matter formed in the collision. It is known that the temperature dependence of η/s is crucial in order to describe the elliptic flow of hadrons in ultrarelativistic heavy-ion collisions at RHIC and LHC [12] . At the very high LHC energies, the temperature dependence of η/s for T > T c becomes dominant for the elliptic flow.
Two basic approaches are commonly used to deal with non-equilibrium systems and transport properties: the Boltzmann equation [13] [14] [15] (most frequently applied in relaxation-time approximation) and the Kubo formalism using retarded correlators of the energy-momentum tensor [16] [17] [18] [19] . When examined in comparison, the kinetic approach seems generally to underestimate the shear viscosity [20, 21] . The calculation in relaxation-time approximation makes use of the thermal cross sections of the colliding particles, whereas the Kubo formalism asks for the spectral functions of the basic degrees of freedom. These two approaches are connected via the optical theorem. In the present paper we choose the Kubo formalism, realizing at the same time that, in this approach, a perturbative treatment of transport coefficients is insuf- * robert.lang@ph.tum.de † weise@ectstar.eu ficient [22, 23] and requires resummation techniques even in a weak-coupling situation.
We use the Nambu-Jona-Lasinio (NJL) model [24] [25] [26] [27] [28] [29] [30] as a schematic, non-perturbative approach to the thermodynamics of quark matter. Gluonic degrees of freedom are integrated out and hidden in point vertices of the effective interaction between quarks, while all relevant chiral and flavor symmetries and symmetry-breaking patterns of QCD are taken properly into account. The applicability of such a model is supposed to cover a temperature range T c T < Λ, where T c ≈ 0.2 GeV is the transition temperature from the hadronic to the quark phase and Λ ≈ 0.6 GeV is the characteristic NJL cutoff scale. We combine the NJL model with a large-N c expansion [31] [32] [33] to study the shear viscosity of quark matter.
In Section II the shear viscosity η in leading order is deduced. We follow mainly the developments in [34] [35] [36] but do not restrict ourselves to the chiral limit and arrive at results under more general assumptions. Taking only the dominant scalar and pseudoscalar channels into account, an infinite number of ring diagrams reduces to just one single generic diagram. Corrections to correlation functions by ladder diagrams are suppressed in a large-N c expansion. However, for the shear viscosity itself a resummation of these subleading diagrams is potentially important, depending on the N c scaling of the spectral width [17, 18] . This effect has been studied first in [22] for a bosonic field theory. In the present work resummations in the Kubo sector will not be included. A discussion concerning the conditions under which such resummations are necessary will however be given.
The general derivation is followed by a detailed parameter study in Section III: for η[Γ] as a functional of the quasiparticle spectral width Γ(p) of the quarks. First an analytical result is derived assuming a constant spectral width to start with. Furthermore, the implementation of different parameterizations for Γ(p) teaches us about the general dependence of the shear viscosity on the spectral width for a variety of examples. A strong dependence on the pertinent momentum-space cutoff, Λ, is found, reflecting the sensitivity to physical scales: the characteristic cutoff fixed by the NJL gap equation excludes up to 90% of the mathematically accessible high-momentum contributions to η, a feature that actually turns out to be a prerequisite for achieving physically meaningful results within this framework. We also investigate to what extent the functional η[Γ(p)] can be treated perturbatively by expanding in a Laurent series for a "small" spectral width and comparing with the full result. The impact of thermal constituent quark masses on the shear viscosity is investigated in Section IV. The thermal quark masses are generated dynamically by the spontaneous chiral symmetry breaking mechanism through the NJL gap equation. Not surprisingly, we find that thermal effects are crucial to obtain physically relevant results for the shear viscosity.
In Section V an explicit calculation of the spectral width is performed within the NJL model, using the oneloop mesonic contributions to the quark self-energy at next-to-leading order in the large-N c expansion. Two different physical effects contribute to this width: Landau damping and mesonic recombination. For temperatures well above the critical/crossover temperature the resulting spectral width decreases, implying an increasing shear viscosity η(T ) in this temperature range.
II. SHEAR VISCOSITY AT LEADING ORDER
In this work we model quark matter starting from the two-flavor NJL Lagrangian
where ψ = (u, d) T is the isospin doublet quark field, m = diag(m u , m d ) is the current quark mass matrix (we work in the isospin limit, m u = m d ≡ m), G denotes the scalar/pseudoscalar coupling, and τ collects the three Pauli isospin matrices. Vector or axialvector terms are not considered in this work. The large masses of the corresponding quark-antiquark modes make their contributions to the relevant correlation functions far less important than those of pseudoscalar and scalar modes.
In the Kubo formalism [37] transport coefficients are related to retarded correlators of energy-momentum tensors, i.e. to four-point functions in Matsubara space. The energy momentum tensor of the NJL model is simply
in terms of the quark fields ψ. The Kubo formula for the shear viscosity reads
with β = 1/T the inverse temperature. The correlator
where H is the NJL Hamiltonian and · = Tr · e −βH denotes the thermal expectation value. An equivalent reduced expression for the shear viscosity is also frequently used in the literature [16] :
written in terms of only one component of the energymomentum tensor. The relative factor 15 in comparison with Eq. (3) results from the following identity (i, j ∈ {1, 2, 3} with i = j):
The (classical) components of the energy-momentum tensor are real quantities, T µν ∈ R. It follows that the static shear viscosity η(ω = 0) is also real:
Neglecting surface terms at infinite time, one derives
with the retarded correlation function
The static shear viscosity (ω → 0) follows as
The calculation of the retarded correlator can be performed switching to the Matsubara formalism and calculating
where have applied a Wick rotation τ = it and introduced the time-ordering symbol in imaginary time, T τ . Note that whereas the underlying (quark) degrees of freedom are fermionic, the Matsubara frequencies relevant for the correlator Π are bosonic, ω n = 2πnT , since the fermion fields under the integral group together to form quantities of bosonic character:ψ(·)ψ. The global sign of Π(ω n ) is fixed by the sign convention for analytical continuations:
where the upper and lower sign in ±iε corresponds to the retarded and advanced correlation function, respectively. The correlator Π(ω n ) is governed by non-perturbative physics resulting from the underlying interactions of the NJL model. We now apply a large-N c expansion and organize this correlator in ring diagrams, ladder diagrams and higher-order terms:
The four-point coupling of the NJL Lagrangian (1) effectively incorporates gluonic degrees of freedom resulting in the scaling
) there is just a one-loop diagram contributing to the four-point correlator, given that the NJL Lagrangian in its simplest form (1) takes into account only scalar and pseudoscalar interactions: Γ ∈ {1, iγ 5 }. Iterating these interaction kernels in ring diagrams at leading order in 1/N c to Π(ω n ) does not affect the correlator:
because the trace (in momentum and Dirac space) in the first ring vanishes due to the orthogonal operator structure involving the combination of γ 2 and Γ:
where we have used the notation / p = ν n γ 4 − p · γ and the full Matsubara propagator
with frequencies ν n = (2n + 1)πT − iµ. Exchange (ladder diagram) corrections to the chain in Eq. (14) are non-vanishing but of subleading order in 1/N c , because each rank in the ladder gives rise to a suppression factor G 2 N c ∼ 1/N c . Note that adding one rank introduces two additional momentum integrations but only one additional color trace.
The shear viscosity in the NJL model has been deduced previously in Refs. [34] [35] [36] using the Kubo formula, but assuming the quarks to be in the chiral limit, m = 0. We point out that this result can in fact be derived without assuming to work in the chiral limit. Setting the current quark masses to zero is not necessary to ensure the absence of iterated ring-diagram contributions when taking only scalar and pseudoscalar interactions of the NJL model into account. Iterated ring diagrams involving these interactions vanish naturally. (Note that even in the chiral limit and the Nambu-Goldstone phase, the second term of the trace in Eq. (15), Tr γ 2/ pΓ / p would survive in the presence of vector interactions, but their contribution to the correlators would be small as mentioned before).
Collecting all arguments, we can summarize in general: for purely fermionic theories L = L kin + L int with momentum-independent pseudoscalar/scalar interactions and 2n-vertices that scale as G 2n ∼ 1/N n−1 c , the dominant contribution to the correlation function Π R (ω) in Matsubara space is:
With the definition of the spectral function,
and using residue calculus one derives:
with the Fermi-Dirac distribution
As in [34] the dressed quark propagator is written as
with the quasiparticle mass M and width Γ(p). The next step is to relate this spectral width to the shear viscosity η. Even in the chiral limit the dynamical NJL mechanism of spontaneous chiral symmetry breaking generates a large constituent quark mass in the vacuum: M ≈ 0.3 GeV, see the brief discussion in Section IV. Apart from this mechanism, the thermal environment at temperature T and baryo-chemical potential µ of the quarks affects parameterically both the dynamical quark mass M (T, µ) and the spectral width Γ(p; T, µ).
The spectral function ρ is represented in the standard form of a generalized Breit-Wigner shape, to be inserted in Eq. (19) : Even though we started from the NJL model in our derivation, the expression (22) is generic for a system of strongly interacting Fermions, with real and imaginary parts of their self-energies encoded in M and Γ, respectively. In general, the non-perturbative origin of Γ(p) does not permit expanding the functional η[Γ] in a Laurent series. In perturbative approaches (e.g. in chiral perturbation theory at low temperatures) such a treatment is possible:
In this context we comment briefly on the issue of ladder resummation and its correction to Eq. (17) . If one assumes the spectral width Γ ∼ 1/N c to be suppressed for large N c as suggested by hot-QCD calculations, then the superficial N c counting of Eqs. (19) and (22), η ∼ N c , is spoiled: in this case, the integrand becomes highly singular in the large-N c limit ("pinch poles" as described in [17, 22] ), resulting in an additional factor N c , therefore
(23) In contrast to the non-perturbative result in Eq. (22) the ε-integration excludes the region |ε| < M . This is due to the delta functions appearing in the limit of small Γ. The momentum integration of the integrand involving
is readily carried out.
III. EXPLORATORY STUDIES OF THE SHEAR VISCOSITY A. Analytical results
Consider now first the case of a constant spectral width, Γ = const. This rough schematic approximation allows for an analytical treatment of the momentum integral in Eq. (22) and one is left with the numerical ε-integration only. For the momentum integral we use the following identity:
where we have introduced A = ε 2 − M 2 + Γ 2 and B = 2M Γ. This result is found by extending the integration region to negative p (the integrand is an even function of p) and using residue calculus. Having performed the p-integration analytically reduces the computation time by roughly one order of magnitude. Furthermore, it helps finding an appropriate approximation scheme for the whole (ε, p)-integration when the spectral width is momentum dependent. Fig. 1 shows the results for η assuming Γ = const. For Γ → 0 the shear viscosity diverges, as it follows from Eq. (23). This limit describes a system of free quarks for which the mean free path is infinite. With increasing temperature and chemical potential, the shear viscosity increases, but the dependence on temperature is more pronounced. Compare these figures to those in Ref. [34] , where η(Γ) has been evaluated numerically without a momentum-space cutoff, equivalent to our analytical approach based on Eq. (24) .
Inspecting the detailed behavior of the integrand in Eq. (22), a convergence criterion for the shear viscosity in the absence of a momentum-space cutoff can be derived:
In order for the shear viscosity η[Γ] as functional of Γ(p) to be convergent, the asymptotic Γ(p) should not converge too rapidly to zero: it is sufficient to restrict its range to |ε(p)| < 1.3 ε * (p), see Eq. (27) .
where o(·) denotes the little Landau symbol 2 . Possible parameterizations of Γ(p) satisfying this constraint are:
Note that all these parameterizations lead to a finite shear viscosity and no mathematical regularization must be applied, compare the cutoff discussion in Section III C. The particular shapes of these prototype widths have been chosen because of their different behavior at small and large momenta: vanishing or non-vanishing Γ(p = 0), convergent or divergent Γ(p) for p → ∞. These prototypes represent physical spectral widths in several theories [38] : Γ(p) in φ 4 theory, for instance, is a monotonous function and converges to zero for large momenta. This can be described by the Lorentz parameterization for large momenta: lim p→∞ Γ Lor (p) ∼ T /p. In contrast, the spectral width of an interacting pion gas diverges for p → ∞.
B. Numerical approximation scheme
Our numerical approximation of η[Γ(p)] is based on the observation that its integrand typically ranges over many orders of magnitude. For every momentum p there is a maximum of the integrand in Eq. (22) , located at the denominator's minimizer
Adaptive methods do not work when facing a sharp peak structure: either the step size becomes too small for fast convergence (or convergence at all), or the most important contribution in the vicinity of the peak is not sampled by a step size that is too coarse. We overcome this numerical issue by cutting the ε-integration and allowing only |ε(p)| < xε * (p) for some x 1. In comparison with the analytical result for Γ(p) = const. we find that x = 1.3 is sufficient to produce accurate results within a relative error of 10 −4 , see Fig. 2 . For the momentum-dependent parameterizations (26) of Γ(p) the integrands for η in Eq. (22) look qualitatively the same as for a constant spectral width. We therefore expect the described numerical scheme to work well also in these and more physical cases, where full momentum dependence and effects from the thermal environment are (parameterically) taken into account.
C. Cutoff dependence
Generally, the shear viscosity increases when the spectral width decreases, compare Eq. (23). This behavior is also visible in Fig. 3 (a) when comparing our different parameterizations of Γ(p): the "more divergent" the spectral width as p → ∞, the smaller the corresponding shear viscosity:
using notations as in Eq. (26) . This sequence is implied by the corresponding (inverse) order for the spectral widths. These arguments hold also for non-vanishing chemical potentials. Assuming the spectral width to be independent of the chemical potential as in our parameterizations of Γ(p) in Eq. (26), the shear viscosity increases for increasing µ, but the qualitative shape of η(T ) does not change. We note that the results in Fig. 3 have been derived using a constant constituent quark mass M = 325 MeV, see the brief discussion in Section IV. The integrand of η[Γ(p)], Eq. (22), is sizable for unphysically large momenta, so we expect a strong cutoff dependence. In the NJL model the quasiparticle interactions are restricted to quark momenta p ≤ Λ = 650 MeV. Quarks with momenta p > Λ do not interact and have infinite mean free paths. Retricting the momentum integration to the interval p ≤ Λ, we find a shear viscosity as shown in Fig. 3(b) . Excluding p > Λ reduces the shear viscosity by one order of magnitude at low temperatures and even by two orders of magnitude at high T . As expected, this expresses a very strong cutoff dependence. In addition to these quantitative differences, the qualitative behavior of the shear viscosity also changes strongly and flattens for high temperatures. This strong cutoff dependence is investigated in more detail in Fig. 4 : the contributions taken into account (compared to the analytical result for η) depend strongly on temperature and just weakly on the chemical potential. At T = 200 MeV the momentum cutoff excludes about 90% of the full integral extended to infinity, see Fig. 4(a) . As shown in Fig. 4(b) , varying the cutoff by up to ±20% implies for η a change of up to 100%.
To assess the order of magnitude of the NJL shear viscosity, a comparison with η(T ) for other systems is instructive. For example, an interacting pion gas treated within the framework of chiral perturbation theory [38] has a typical shear viscosity of order η(T ) ≈ 40 MeV/fm 2 ≈ 1.6 · 10 −3 GeV 3 at T ≈ 100 MeV. This is a similar order of magnitude as the results shown in Fig. 3(b) when applying the NJL cutoff Λ = 650 MeV. We recall that this cutoff is fixed by reproducing physical observables such as the pion decay constant in vacuum. A physically meaningful order of magnitude for η then follows naturally.
D. Perturbative aspects of η[Γ]
We have already mentioned that the shear viscosity η diverges for non-interacting systems, i.e. for a vanishing spectral width, corresponding to infinite mean free path. Close to this limit η can be expanded in a Laurent series (as realized for example analytically in ChPT and λφ 
For small Γ, the combination η ·Γ is just the residue A −1 . What does "small" mean in this context? In contrast to λφ 4 theory where Γ ∼ λ 2 , the NJL model is generically non-perturbative in its coupling, even though the scaling G ∼ 1/N c applies. The spectral width is therefore not expected to be sufficiently small in order to permit an expansion as in Eq. (29) . Fig. 5 shows results of the fully non-perturbative calculation of η · Γ as a function of the inverse width, conveniently written as x = m π /Γ, at different T and µ in comparison with the residue A −1 . As it can be seen from the figure, corrections to the leading term of the Laurent series (29) are small for x > 1.5 (demanding 10% accuracy or better). From these considerations we conclude that a perturbative approach is justified only for spectral widths Γ m π = 140 MeV. The discussion of a perturbative treatment of η[Γ(p)] is closely related to the resummation of ladder diagrams: if in the large-N c limit the spectral width decreases, i.e. Γ ∼ 1/N c as suggested by hot-QCD calcuations where the coupling α s ∼ 1/N c becomes small, then the perturbative regime is reached in this limit and the Laurent series expansion in (29) can be restricted to its leadingorder term. As seen from Eq. (23), for a constant but small spectral width Γ the residue A −1 can be identified with the remaining ε-integral. While only this residue term of η[Γ(p)] is relevant in this case, ladder diagrams now become sizable corrections and contribute also at leading order. Furthermore, the shear viscosity now scales as η ∼ N 2 c and no longer linearly with N c as Eqs. (19) and (22) do for N c -independent spectral function rho and width Γ, respectively.
We conclude that ladder diagram resummations are necessary in the perturbative regime of η[Γ(p)] in Eq. (22), i.e. when the spectral width is small, Γ m π . In the NJL model with its genuine non-perturbative structure, the physical spectral width is large and outside the perturbative regime. Ladder diagram resummations are subleading corrections, while the shear viscosity functional (22) is valid also for large spectral width when including all orders of the Laurent series expansion (29) .
IV. EFFECTS OF THERMAL QUARK MASSES AND THE RATIO η/s
The constituent quark mass has so far been treated as a constant. We now proceed to incorporate its explicit T and µ dependence. One of the key features of the NJL model is the spontaneous breaking of chiral symmetry: SU(2) L × SU(2) R → SU(2) V . In addition, chiral symmetry is explicitly broken by the non-zero current quark mass m. Solving the NJL gap equation results in a dynamically generated constituent quark mass [24, 25, 29] :
with E p (T, µ) = p 2 + M 2 (T, µ) and the Fermi-Dirac distribution for quarks and antiquarks
In the vacuum, (T, µ) = (0, 0), the mass is determined to be about one third of the nucleon mass, M = 325 MeV, where the input parameters of the NJL Lagrangian are chosen as G = 10.08 GeV −2 , m = 5.5 MeV and Λ = 650 MeV. This parameter set produces physical (vacuum) values of the pion mass, m π = 140 MeV, the pion decay constant, f π = 94 MeV, and the chiral condensate ψ ψ = −(316.4 MeV) 3 . Fig. 6(a) shows the shear viscosity η for varying constituent quark mass M treated as a parameter, assuming a constant spectral width Γ const = 100 MeV. For M → 0 the shear viscosity becomes divergent, again due to "pinch poles" appearing in Eq. (22) in this limit. In fact, the origin of this divergence is the same as for Γ → 0, since M and Γ are formally (almost) interchangeable in the integrand of Eq. (22) . For large constituent quark masses, two effects occur: first, the maximizer ε * (p) ∼ M in Eq. (27) moves to larger values, and second, the integrand scales as M −6 . Both features result in a decreasing function η(M ).
Taking the full thermal dependence of the constituent quark mass into account has an essential influence on the shear viscosity, see The shear viscosity itself is a dimensionful quantity. One usually compares η to the entropy density s, in terms of the dimensionless ratio η/s. The corresponding ratio extracted from heavy-ion collisions is the smallest value of η/s found so far in nature [39] . The entropy density of quark matter is given by [40] :
with E ± p = E p ∓µ. The momentum integration ranges up to infinity. It can be performed without regularization. In the NJL model the thermal constituent quark mass, for momenta above the cutoff scale Λ = 650 MeV, reduces to the bare current quark mass, M → m = 5.5 MeV. At low temperatures, T 150 MeV, confinement implies that quarks are not the relevant physical degrees of freedom any more and the NJL model cannot be expected to give a realistic description of transport properties.
The evaluation of the ratio η/s is shown in Fig. 7 for N f = 2 and N c = 3, for the cases of a constant and an exponentially damped spectral width. The comparison between the panels (a) and (b) clearly demonstrates that implementing thermal masses is crucial in order to avoid an unphysical, continuously decreasing ratio η/s(T ). From experimental data [41] and lattice calculations [42, 43] it is in fact suggested that this ratio increases for T > 200 MeV. We also compare to the benchmark η/s = 1/4π from AdS/CFT correspondence [44, 45] . This value is known not to be a universal bound; it can be undershot in some field theories [46] [47] [48] . This is also found in Fig. 7(a) , additionally to the unphysical evolution of η/s with increasing temperature. A constant quark mass M = 100 MeV has been chosen there for convenience. Its vacuum value, M = 325 MeV, would reduce the scale of the η/s ratio even more, compare Fig. 6(a) . However, taking the thermal constituent quark masses into account leads to an increasing function η/s(T ), see Fig. 7(b) . Despite the fact that η itself rapidly increases at high T , the ratio η/s flattens in that region. This flattening is expected to be shifted to higher temperatures for more realistic forms of the width Γ(p) such the Lorentzian. In the considered temperature range η/s stays above the AdS/CFT benchmark for all parameterizations of the width Γ.
V. SPECTRAL WIDTH AT ONE-LOOP LEVEL
So far we have discussed the impact of the shape of the spectral width on the shear viscosity of quark matter, its strong sensitivity to the NJL cutoff and to the thermal constituent quark masses. In this section an explicit calculation is performed including one-loop mesonic contributions at next-to-leading order in the large-N c expansion [33] . The leading-order gap equation (30) is modified by the mesonic insertions
where ν n = (2n+1)πT −iµ are the Matsubara frequencies for quarks. The corresponding expression for antiquarks is easily obtained by insertingν n = ν * n . The spectral width is extracted from the imaginary part of this selfenergy 3 :
It is of next-to-leading order using the mesonic modes generated by the Bethe-Salpeter equation (BSE) in the pertinent quark-antiquark channels (e.g. [27, 33, 49] ). Whereas the gap equation (30) is of leading order, O (1) in N c , the BSE is of order O(1/N c ). In the two-flavor case the mesonic loop involves the three pions and the 3 Note that in this definition as well as in previous expressions the spectral width Γ corresponds to half the FWHM (full width at half maximum) of the resulting quark spectral function, πρ(p) = −Im G R (p), where the retarded quark propagator has been defined in Eq. (21). sigma mode which contribute with positive and negative signs, respectively, to the spectral width Γ(p). This "antiscreening" by the sigma mode [32] cancels roughly one of the three pionic contributions to the spectral width, as seen in Fig. 9a . The effective spectral width (for N f = 2) reads:
with the scalar and pseudoscalar contributions, N S = −2 and N P = 2, respectively:
involving the Fermi distribution for antiquarks, n − F in Eq. (31) , and the Bose distribution for mesons at zero (quark-)chemical potential:
Energy-momentum conservation implies E b = E f + p 0 in Eq. (36) and leads to the restricted range of integration:
Here m M denotes the T -and µ-dependent (pseuodoscalar or scalar) meson mass and M (T, µ) is the dynamical quark mass in the thermal medium, c.f. Eq. (30) . The quark-meson vertex is of Yukawa type with a (thermal) coupling constant g Mqq (T, µ) arising from the renormal-
The details of the derivation of Eqs. (36) and (38) are presented in the Appendix A. The spectral width is a function of the energy p 0 and the momentum p = |p| of the quark propagating in the (isotropic) thermal medium. In the on-shell case, p 0 = p 2 + M 2 , the width Γ becomes a function of p only. Taking the imaginary part of the mesonic insertion means cutting the loop diagram and forcing it on-shell. Two different dissipative mechanisms contribute to the width, as sketched in Fig. 8 . The term involving the Bose distribution describes Landau damping, a process also known from high-T QCD calculations [50] , and recently applied to the calculation of the shear viscosity from kinetic theory [51] . In the NJL model Landau damping arises from the scattering of quarks on the mesonic collective modes in the thermal medium. This scattering process dissipates energy from the quark sector and contributes to the shear viscosity. The second mechanism is a recombination process: a collective mesonic mode is created by quark-antiquark rescattering. This is described by the term involving the Fermi distribution of thermal antiquarks in Eq. (36) .
Results for the calculated on-shell spectral width including all mesons, Γ(p) in Eq. (35) , are shown in Fig. 9b . Due to the "antiscreening" caused by the sigma mode, the total Γ(p) is rougly twice the single pion contribuRef [19] Ref [41, 42] Ref [14] Hence for the one-loop spectral width calculated in the NJL model, the perturbative regime is not reached, given the large values of Γ(p). With rising temperature the spectral width decreases leading to an increasing shear viscosity η(T ), as explored parametrically in Fig. 1 . One important reason for this behavior is the range of integration, E f (p) ∈ [E min (p), E max (p)], which has its support for m π > 2M , the kinematic threshold condition for a pion to decay on-shell into two constituent quarks. As the temperature increases this range of integration is shifted to higher values of E f and p, but these are exponentially suppressed by the Bose and Fermi distributions in Eq. (36) . For more details, see also Fig. 11 in the Appendix.
Finally the resulting shear viscosity η(T, µ = 0) (its ratio η/s) is shown in Fig. 10 . Only temperatures large enough to satisfy m π > 2M give rise to a finite shear viscosity. Therefore the one-loop results are restricted to T 210 MeV. We compare our results to those from a kinetic approach using the two-favor NJL model [14] (open circles) and [51] (open triangles). Our values based on the Kubo formalism are larger but feature the same order of magnitude and the same qualitative behavior. These findings are consistent with the general observation that the kinetic approach seems to underestimate the shear viscosity as pointed out in Refs. [20, 21] . Their calculations have also been performed using the Kubo formalism (c.f. Fig. 8 in [20] ) and lie slightly above our result for η/s as shown in Fig. 10 (filled triangles) . A flattening of η/s is observed at higher temperatures around T ≈ 300 MeV, indicating that the shear viscosity scales roughly as T 3 in this range. The same behavior has been found in our preceding parameter study, c.f. Fig. 6 . All results for η/s, both from kinetic and Kubo approaches, exceed those from pure-gauge lattice QCD [42, 43] that are close to the AdS/CFT bound as shown by the solid squares in Fig. 10 .
VI. SUMMARY AND CONCLUSIONS
In the present work we have used the Kubo formalism to derive a general functional η[Γ(p)] for a class of fermionic theories, in particular the two-flavor NJL model with scalar and pseudoscalar interactions. At leading order in 1/N c the retarded correlation function Π R (ω) reduces to a single generic diagram at O(N 1 c ). We have found that it is not necessary to work in the chiral limit to obtain this result derived previously in [34] [35] [36] using stronger assumptions.
The detailed study of the functional η[Γ(p)] leads to a convergence criterion, Eq. (25), to be fulfilled by the spectral width Γ(p) in order for the shear viscosity η to be finite without regularization. Four different schematic parameterizations have been chosen for Γ(p) and a numerical approximation scheme suitable for arbitrary, momentum-dependent spectral widths has been introduced. The results for η show a strong cutoff dependence: restricting the momentum integration to the typical NJL cutoff, p < Λ = 650 MeV, changes the shear viscosity drastically as shown in Fig. 3 . Such a cutoff places η at physically meaningful values by excluding up to 90% of the numerically accessible high-momentum region, as demonstrated in Fig. 4 .
An exploration has been performed determining the range of Γ(p) for which a perturbative treatment of the (generally non-perturbative) shear viscosity is adequate. The functional η[Γ(p)] as given in Eq. (22) is valid in particular for a large spectral width as it is expected in the NJL model. For a small spectral width, Γ m π , a Laurent series expansion of η with restriction to the leading term η ∼ 1/Γ is justified. In this limit, subleading effects from resummations of ladder diagrams are expected to become non-negligible as known from studies in bosonic field theories [17, 22] . On the other hand, for the NJL model with its comparatively large spectral width, it is consistent to omit ladder diagram resummations while taking all orders of the Laurent expansion in the width Γ(p) into account.
Including thermal quasiparticle masses (the temperature and density dependence of the dynamically generated constituent quark masses in NJL-like models) is of crucial importance. As experimental data indicate, the ratio η/s is expected to increase for high temperatures T > T c where T c ≈ 180 − 200 MeV is the typical temperature interval of the chiral crossover. A constant quark mass would instead lead to a continuously decreasing ratio η/s with increasing temperature, as seen in Fig. 7 . In comparison with other approaches to the shear viscosity using NJL-type models, such as the Boltzmann equation in relaxation time approximation, one can find different results: an increasing ratio η/s(T ) for two flavors and restricting to scalar and pseudoscalar interactions [14] , but also a decreasing behavior [18, 52] .
From AdS/CFT correspondence, the scaling of the ratio η/s is expected to be of O(N From the systematic parameter study the conclusion can be drawn that the momentum dependence of the spectral width Γ(p) determines primarily the overall scale of the ratio η/s. Its actual behavior as a function of temperature is largely governed by the thermal properties of the quark propagator. A consistent one-loop NJL model calculation of the quark self-energy in the thermal medium has been performed at next-to-leading order in the large-N c expansion. At this order the gap equation for the thermal constituent quark mass is corrected by the mesonic insertions (33) . Two generic dissipative contributions to the shear viscosity emerge: Landau damping and a quark-antiquark recombination process, resulting in the spectral width Γ(p) given in Eq. (36) . The restricted range of the energy integration leads to a decreasing function Γ(T ) as the temperature increases, which implies an increasing shear viscosity for high temperatures as seen in Fig. 10 .
Additional contributions to Γ from quark-quark scattering via exchange of mesonic quark-antiquark modes still have to be included. Such processes appear at order N −1 c in the large-N c expansion and are calculated in ongoing work. Results will be reported elsewhere. We have introduced N P = 2 and N S = −N f = −2 reflecting the opposite parities of pion and sigma boson, leading to screening and antiscreening of the quark mass, respectively. Carrying out the Matsubara sum introduces combinations of Fermi and Bose distribution functions, Eq. (31) and (37), respectively:
The thermal self-energy of the quark is given by:
The analytical continuation of the thermal self-energy to the retarded self-energy in Minkowskian spacetime, 
The non-vanishing spectral width is induced by the pole structure of the propagators:
This means for the Z 1 term: E f +E b ±p 0 = 0, where only the minus sign can be realized. For the Z 2 term, E f −E b ± p 0 = 0, both signs can be realized for the time being. We will see that only the plus sign contributes to the (onshell) spectral width, so there is just one contribution from Z 2 . The Z 3 term is considered later. From the identity in Eq. (A6) the following structure is found for the Z 1 and Z 2 terms:
